Abstract. Recently, Cappell and Miller extended the classical construction of the analytic torsion for de Rham complexes to coupling with an arbitrary flat bundle and the holomorphic torsion for∂-complexes to coupling with an arbitrary holomorphic bundle with compatible connection of type (1, 1). Cappell and Miller studied the properties of these torsions, including the behavior under metric deformations. On the other hand, Mathai and Wu generalized the classical construction of the analytic torsion to the twisted de Rham complexes with an odd degree closed form as a flux and later, more generally, to the Z 2 -graded elliptic complexes. Mathai and Wu also studied the properties of analytic torsions for the Z 2 -graded elliptic complexes, including the behavior under metric and flux deformations. In this paper we define the Cappell-Miller holomorphic torsion for the twisted Dolbeault-type complexes and the Cappell-Miller analytic torsion for the twisted de Rham complexes. We obtain variation formulas for the twisted Cappell-Miller holomorphic and analytic torsions under metric and flux deformations.
Introduction
In the celebrated works [23, 24] , Ray and Singer defined the analytic torsion for de Rham complexes and the holomorphic torsion for∂-complexes of complex manifolds. Ray and Singer studied the properties of analytic and holomorhpic torsions, including the behavior under metric deformations. In their works, Ray and Singer coupled the Riemannian Laplacian and the∂-Laplacian, respectively, with unitary flat vector bundles and yielded self-adjoint operators. Hence, the analytic torsion and holomorphic torsion are real numbers in the acyclic cases considered by Ray and Singer and are expressed as elements of real determinant line bundles.
Recently, Cappell and Miller [16] extended the classical construction of the analytic torsion to coupling with an arbitrary flat bundle and the holomorphic torsion to coupling with an arbitrary holomorphic bundle with compatible connection of type (1, 1) . This includes both unitary and flat (not necessarily unitary) bundles as special cases. However, in this general setting, the associated operators are not necessarily self-adjoint and the torsions are complex-valued. Cappell and Miller also studied the properties of their torsions, including the behavior under metric deformations.
In [20, 21] Mathai and Wu generalized the classical construction of the Ray-Singer torsion for de Rham complexes to the twisted de Rham complex with an odd degree closed differential form H as a flux and later, more generally, in [22] , to the Z 2 -graded elliptic complexes. The definitions use pseudo-differential operators and residue traces. Mathai and Wu also studied propoerties of analtic torsion for Z 2 -graded elliptic complexes, including the behavior under the variation of metric and flux.
Let E be a holomorphic bundle with a compatible type (1, 1) connection D, cf. Definition 3.1, over a complex manifold W of complex dimension n and H ∈ A 0,1 (W, C) be a∂ closed differential form, for each p, 1 ≤ p ≤ n, we define the twisted Cappell-Miller holomorphic torsion, τ holo,p (W, E, H), cf. Definition 
The fusion isomorphisms. (cf. [11, Subsection 2.3])
For two finite dimensional k-vector spaces V and W , we denote by µ V,W the canonical fusion isomorphism,
By a slight abuse of notation, denote by µ −1 V,W the transpose of the inverse of µ V,W . Similarly, if V 1 , · · · , V r are finite dimensional k-vector spaces, we define an isomorphism
(2.5) 2.3. The isomorphism between determinant lines. For k = 0, 1, fix a direct sum decomposition
Fix ck ∈ Det(Ck) and xk ∈ Det(Ak). Let d(xk) ∈ Det(B k+1 ) denote the image of xk under the map
where µ Bk,Hk,Ak is the fusion isomorphism, cf. (2.5), see also [11, Subsection 2.3] . Define the canonical isomorphism 8) by the formula
Notice that, following the sign convention of [11, (2-14) ], in [17, (2.10) ] a sign refined version of the canonical isomorphism (2.8) was introduced. Here we follow the sign convention of [16, Section 6] .
Similarly, for k = 0, 1, fix a direct sum decomposition Similarly, fix ck ∈ Det(Ck) and yk ∈ Det(Ak). Let d * (yk) ∈ Det(B k−1 ) denote the image of yk under the map Det(Ak) → Det(B k−1 ) induced by the isomorphism d * : Ak → B k−1 . Then there is a unique element h ′k ∈ Det(Hk) such that
where µ Bk,Hk,Ak is the fusion isomorphism, cf. (2.5), see also [11, Subsection 2.3] . Define the canonical isomorphism 12) by the formula φ
is defined by the formula
where
Consider the element c := c0 ⊗ c 16) where (−1) 
19)
Proof. If the combinatorial Laplacian ∆ has no zero eigenvalue, then, for each k = 0, 1, ∆ is an isomorphism from Ck to Ck. Hence, for each x ∈ Ck, there is a y ∈ Ck such that 
This implies that
which implies that x = 0 by the assumption. We conclude that, for each k = 0, 1, we have the following direct sum decomposition
By the facts that
we know that the isomorphism ∆ preserves the splitting (2.20) . Hence ∆ maps d * C k+1 and dC
isomorphically to themselves. Since 
By (2.6), (2.10), (2.21), (2.22) and the first assertion, we know that
is an isomorphism, there is a unique vector
Hence, in view of the decomposition (2.20), we conclude that
forms a basis for Ck. In particular, by the first assertion and (2.6), we have
With this particular choice of basis, we set
and
Let d * y k+1 be the induced element in Det(Bk) and dx k−1 be the induced element in Det(Ak). Set 
We next compute φ C • (c). By (2.9), we need to compute hk. By the above choice of basis, we have
By combining (2.16), (2.17), (2.27), (2.28) with the first assertion, we obtain (2.19).
We now compute the case that the combinatorial Laplacian ∆ := d * d + dd * is not bijective. Note that the operator ∆ maps Ck into itself. For an arbitrary interval I, denote by Ck I ⊂ Ck the linear span of the generalized eigenvectors of the restriction of ∆ to Ck, corresponding to eigenvalue λ with λ ∈ I. Since both d and d
. Hence, we obtain a subcomplex C For each λ ≥ 0, we have
Hence there are canonical isomorphisms
In the sequel, we will write t for Φ λ (t) ∈ C and t ′ for Φ
where we view τ (C
In particular, the right side of (2.29) is indenpendent of λ ≥ 0.
Proof. Recall the natural isomorphism
From (2.16), Proposition 2.1, (2.30) and (2.31) we obtain the result.
Twisted Cappell-Miller holomorphic torsion
In this section we first review the∂-Laplacian for a holomorphic bundle with compatible type (1,1) connection introduced in [16] . Then we define the Dolbeault-type bi-graded complexes twisted by a flux form and its cohomology and homology groups. We define the Cappell-Miller holomorphic torsion for the twisted Dolbeault-type bi-graded complexes. We also prove variation theorems for the twisted Cappell-Miller holomorphic torsion under metric and flux deformations.
3.1. The∂-Laplacian for a holomorphic bundle with compatible type (1,1) connection. In this subsection we review some materials from [16] , see also [18] .
Let (W, J) be a complex manifold of complex dimension n with the complex structure J and let g W be any Hermitian metric on T W . Let E → W be a holomorphic bundle over W endowed with a linear connection D and let h E be a Hermitian metric on E. The complex structure J induces a splitting
W are eigenbundles of J corresponding to eigenvalues i and −i, respectively. Let T * (1,0) W and T * (0,1) W be the corresponding dual bundles. For 0 ≤ p, q ≤ n, let
be the space of smooth (p, q)-forms on W with values in E. Set 
Under the splitting Γ(W, (T
Extend the connection D on Γ(W, E) in a unique way to A The complex Hodge star operator ⋆ acting on forms is a complex conjugate linear mapping
induced by a conjugate linear bundle isomorphism, cf. [16, P. 141].
The natural conjugate mapping
is a complex linear mapping, induced by the bundle automorphism, cf. [16, P. 141],
of the complexified cotangent bundle. Denote by⋆ := conj ⋆. Then
is a complex linear mapping. Clearly,⋆ = conj ⋆ = ⋆ conj. As pointed out in [16, P. 141] that⋆ being complex linear may be coupled to a complex linear bundle mapping, such as the identity mapping. We also denote by⋆ the complex linear mappinĝ
Recall that the adjoint∂ * of∂ with respect to the chosen Hermitian inner product on T W is given bȳ
In particular,∂ * = −⋆ conj∂ conj⋆ = −⋆∂⋆.
Let D be a compatible (1, 1) connection. Following [16, P. 141], we definē
and the∂-Laplacian for the holomorphic bundle E with compatible type (1, 1) connection D by
Denote by δ E the adjoint of the∂-operator∂ E with respect to the inner product < ·, · > E on A •,• (W, E) induced by the Hermitian metrics g W and h E . Then the associated self-adjoint∂-Laplacian is defined as
Recall that, in general, the operator E,∂ is not self-adjoint with respect to the inner product < ·, · > E on A
•,• (W, E), but has the same leading symbol as the operator E , cf. [16, Section 3] . When the connection on E is compatible with the Hermitian inner product < ·, · > E on A
•,• (W, E), the operator E,∂ recovers the self-adjoint operators considered by Bismut, Gillet, Lebeau, and Soulé [2, 3, 4, 5, 6, 13, 14] . When the bundle E is unitary flat, the operator E,∂ recovers the self-adjoint operators of Ray and Singer, [24] . For more details about the operator E,∂ , cf. [16] 
, k = 0, 1.
Hence, we can also consider the following twisted complex:
We define the twisted Dolbeault-type cohomology groups of
, then we have (∂ * ,H E ) 2 = 0. Again we can consider the following twisted complex:
We define the following twisted Dolbeault-type homology groups of
, k = 0, 1. 
3.3. ζ-function and ζ-regularized determinant. In this subsection we briefly recall some definitions of ζ-regularized determinants of non self-adjoint elliptic operators. See [11, Section 6] for more details. Let F be a complex (respectively, holomorphic) vector bundle over a closed smooth (respectively, complex) manifold N . Let D : C ∞ (N, F ) → C ∞ (N, F ) be an elliptic differential operator of order m ≥ 1. Assume that θ is an Agmon angle, cf. for example, Definition 6.3 of [11] . Let Π : It was shown by Seeley [25] (See also [26] ) that ζ θ (s, D) has a meromorphic extension to the whole complex plane and that 0 is a regular value of ζ θ (s, D).
Definition 3.2. The ζ-regularized determinant of D is defined by the formula
We denote by
Let Q be a 0-th order pseudo-differential projection, ie. a 0-th order pseudo-differential operator satisfying Q 2 = Q. We set
The function ζ θ (s, Q, D) also has a meromorphic extension to the whole complex plane and, by Wodzicki, [28, Section 7] , it is regular at 0. 
If the interval I is bounded, then, for each 0 ≤ p ≤ n, the space A 
and, by (3.1),
In particular, we have the following isomorphisms
and 
For each k = 0, 1 and each 0 ≤ p ≤ n, set
Let θ ∈ (0, 2π) be an Agmon angle of the operator
, cf. for example [11, Section 6] . Since the leading symbol of the operator
is independent of the choice of the Agmon angle θ of the operator
By Proposition 2.2 and (3.8), we know that the element
is independent of the choice of λ. It is also independent of the choice of the Agmon angle θ ∈ (0, 2π) of the operator
We now define the twisted Cappell-Miller holomorphic torsion.
Definition 3.5. The non-vanishing element of the determinant 
The proof of the following lemma is similar to the proof of Lemma 7.1 of [16] , where the untwisted case was treated. To save space, we omit the proof.
Lemma 3.6. Under the above assumptions, we have
We also need the following lemma.
Lemma 3.7. Under the above assumptions, we have
where b n,p,k,u is given by a local formula.
. (3.10)
Then we have d du∂
If A is of trace class and B is a bounded operator, it is well known that Tr(AB) = Tr(BA). Hence, by this fact and the semi-group property of the heat operator, we have
where we used integration by parts for the last equality. Since
is an elliptic operator, the dimension of A (−1)
Now dim W = 2n is even, so for small time asymptotic exapnsion for Tr α u exp −t(
has a term a n,p,k,u t 0 in its expansion about t = 0. That means Tr α u exp − t(
a n,p,k,u t 0 does not contain a constant term as t ↓ 0. Hence, the integrals k=0,1
(−1)
do not have poles at s = 0. But the integrals k=0,1
have poles of order 1 with residues a n,p,k,u , k = 0, 1. On the other hand, because of exponential decay of
for large t, the integrals of the second term and the fourth term on the right hand side of (3.13) are entire functions in s. Hence we have
Hence, the result follows.
By combining Lemma 3.6 with Lemma 3.7, we obtain the main theorem of this subsection. For untwisted case, cf. [16, Theorem 4.4] . Theorem 3.8. Let W be a complex manifold of complex dimension n and let E is a holomorphic bundle with connection D that is compatible and type (1, 1) over W . Suppose that H ∈ A 0,1 (W, C) and∂H = 0. Let g W u , u ∈ (u 0 − δ, u 0 + δ), be a smooth family of Riemannian metrics on the complex manifold W , then the corresponding twisted Cappell-Miller holomorphic torsion τ holo,p,u (W, E, H) varies smoothly and the variation of τ holo,p,u (W, E, H) is given by a local formula
We have the following corollary. See also [22, Theorem 5.3, Corollary 7.1] for the case of analytic torsion on Z 2 -graded elliptic complexes.
Corollary 3.9. Let W be a complex manifold of complex dimension n and let E is a holomorphic bundle with connection D that is compatible and type (1, 1) over W . Suppose that H ∈ A 0,1 (W, C) and∂H = 0. Let F 1 , F 2 be two flat complex bundles over W of the same dimension, then
in the tensor product of determinant lines
is independent of the Hermitian metric g W chosen.
Since the two bundles E ⊗ F 1 and E ⊗ F 2 are locally identical as bundles with connections, so the local correction terms are the same and cancell out in computing the variation of the twisted Cappell The proof of the following lemma is similar to the proof of [20, Lemma 3.7] , see also [17, Lemma 4.7] . We omit the proof. We also need the following lemma. As Corollary 3.9, we have the following corollary. See also [22, Corollary 7.1] for the case of analytic torsion on Z 2 -graded elliptic complexes.
Corollary 3.13. Let W be a complex manifold of complex dimension n and let E is a holomorphic bundle with connection D that is compatible and type (1, 1) over W . Suppose that H ∈ A 0,1 (W, C) and ∂H = 0. Let F 1 , F 2 be two flat complex bundles over W of the same dimension, then τ holo,p (W, E ⊗ 4.4. Relationship with the twisted refined analytic torsion. In this subsection we assume that M is a closed compact oriented manifold of odd dimension. Recall that in [17, (3.13) ], for each λ > 0, we define the twisted refined torsion ρ Γ [0,λ] of the twisted finite dimensional complex (Ω
